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ABSTRACT

This paper introduces an adaptive method for spacecraft navigation that dynamically adjusts
Kalman Filter parameters using Cramér-Rao Lower Bound analysis. While line-of-sight based
visual observations of celestial bodies yield valuable positional references that enhance filter-based
solutions for interplanetary navigation, their accuracy varies with the ranges to observed bodies
and the angular separation between these observations. Our approach quantifies theoretical lower
error vartance limits for each observation scenario throughout a trajectory, enabling more precise
and reliable specification of measurement covariance matrices. Simulation results, validated
through Monte Carlo analysis, demonstrate improved position and velocity estimation accuracy
throughout translunar trajectories, particularly during geometrically challenging segments where
conventional range based methods struggle to maintain consistent estimation performance.

Keywords: vision-aided navigation; autonomous navigation; celestial observation; bearing; position esti-
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INTRODUCTION

Space exploration missions demand reliable navigation estimation systems for successful operations, ensuring
precise positioning, guidance, and autonomy in challenging trajectories and mission phases [P&hlmann et al.,
2023]. As spacecraft journey deeper into space, the development of autonomous navigation capabilities
becomes essential for improving mission resilience and minimizing operational expenses. These capabilities
enable higher levels of autonomy, particularly since the significant light-time delays render Earth-based real-time
control impractical during key mission operations [Starek et al., 2016]. Conventional spacecraft navigation
approaches depend heavily on precise initial state determination and the continuous integration of Inertial
Measurement Unit (IMU) sensor data, creating a foundation for position and velocity estimation throughout
the mission trajectory. However, these approaches suffer from accumulated errors over time, limiting their
long-term reliability. Various environmental factors, including gravitational perturbations and unknown gravity
fields of celestial bodies, further contribute to this uncertainty [Trawny et al., 2007].

Vision-aided navigation systems have emerged as promising solutions to overcome these limitations. By uti-
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lizing information acquired from optical sensors, these systems can provide absolute position measurements
that complement IMU data providing more accurate pose estimations [Alkendi et al., 2021]. Among various
vision-based techniques, Line-of-Sight (LoS) navigation (also referred as angles-only navigation) by using the
measurements of celestial bodies such as planets, moons, and asteroids, offer particularly valuable navigation
references throughout interplanetary trajectories [Kaplan, 2011; Franzese et al., 2021; Henry and Christian,
2023; Muratoglu et al., 2025b]. The mathematical foundation for LoS navigation lies in triangulation tech-
niques, which uses these unit LoS vectors towards celestial bodies with known ephemeris data to geometrically
estimate the position and velocity of spacecraft. Although this approach has been proven to be effective across
various mission scenarios, a fundamental challenge persists in establishing the optimal balance between the
spacecraft's mathematical orbital model and the integration of measurement updates within state estimation
filters.

A critical limitation of current approaches is the difficulty in specifying appropriate measurement accuracy
parameters in filter tuning for triangulation with LoS measurements. The geometric configuration between
the spacecraft and observed celestial bodies significantly influences triangulation performance, with accuracy
degrading when observation geometries approach collinearity or when the relative ranges to the observed
objects increased. This variable accuracy presents challenges for consistent filter performance throughout
different trajectory phases.

In this work, we propose a novel method for dynamically adjusting filter parameters by leveraging a recently
developed Cramér-Rao Lower Bound (CRLB) based geometric performance metric [Muratoglu et al., 2025a].
This approach provides theoretical error limits for different observation configurations, enabling more precise
specification of measurement covariance matrices in Kalman filters. By establishing a better equilibrium
between mathematical models and measurement updates, our method enhances overall navigation accuracy
and reliability throughout interplanetary trajectories.

The proposed adaptive technique will be beneficial for vision-aided spacecraft navigation in deep space missions
that employ celestial triangulation, where observation geometries tend to have continuous evolution and may
possibly encounter extreme configurations. These geometric extremities can potentially degrade triangulation
accuracy and may compromise filter performance when tuning approaches based on fixed-parameter or relative
distances to the observed objects are employed. The dynamic covariance adjustment capability based on
CRLB-based figure of merit is designed to address these challenges by adapting to the varying measurement
reliability that occurs throughout the mission profile.

METHODS
Triangulation

Celestial triangulation enables position estimation through LoS observations of two or more celestial bodies
and their known ephemeris information. This represents the resection case of triangulation, where the positions
of two vertices are known, and the third vertex of the observer to be determined from angular measurements.
As illustrated in Figure 1, the spacecraft at position Py observes two celestial bodies at positions P; and P,
with unit LoS vectors g1 and T pointing from the spacecraft towards these bodies, respectively, while the
relative position vector from the first to the second body, Ri2, is known via ephemerides. The relation for
obtaining the relative position vector from the observer to the 15 body is formularized by implementing the
law of sines as:

Rio xr

Ry, = 1B2x7ell (1)
701 X To2]|
Rio xr

Ryy — B2 xrorll ()
701 X To2]|

Error Model

The accuracy of triangulation based position estimation is fundamentally limited by errors in the LoS vector
measurements. These errors arise from various sources including sensor noise, attitude determination un-
certainties, and celestial body centroiding inaccuracies. While planetary ephemeris uncertainties of observed
bodies represent an additional error source, these are predetermined by ground based orbit determination
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Figure 1: Triangulation formed by two observed objects with known locations (via ephemeris) with
respect to the inertial reference frame (ECI)

models to be utilized onboard and cannot be influenced by onboard sensing systems. It should be noted that
the position of the Moon with respect to Earth is known with submeter accuracy, while the positions of inner
planets are estimated with subkilometer accuracy [Folkner et al., 2014]. Thus, these ephemeris errors will not
be considered within the estimation process. Therefore, the focus is placed on modeling the LoS measurement
uncertainties. To quantify the impact of these errors on navigation performance, a statistical error model is
essential. The measured unit LoS vector towards observed 7! body, 7g; incorporates additive noise while
maintaining vectorial unit magnitude, deviating from the true unit LoS vector 7; through a noise component
Wi -

f'Oi _ Toi + Woi (3)

I70i + woll

where the noise component has a zero-mean normal distribution with an error covariance according to Quest
Measurement Model (QMM).

woi ~ N (03x1, Rouvm) (4)

The error covariance matrix Rgwvm with isotropic direction uncertainty is given as [Shuster and Oh, 1981]:

Roum = E [wOiw(ﬂ =0} <13><3 - rOi"’oTi) (5)

h

where o; denotes the standard deviation of the pointing errors in i*® unit LoS measurements, and I3y3 the

identity matrix of size (3 x 3).

Cramér-Rao Lower Bound Based Performance Metric for Measurements

The Cramér-Rao Lower Bound (CRLB) is a fundamental theorem in estimation theory that establishes the
achievable theoretical minimum error limit for an unbiased estimator. This framework provides valuable insights
into the quality of estimations derived from noisy measurements. This theoretical limit is mathematically
defined through the inverse of the Fisher Information Matrix, F', which quantifies how measurement sensitivity
relates to the estimated parameters. When applied to celestial triangulation problems, the CRLB framework
reveals how measurement errors and geometric factors constrain the precision of position estimates. In this
sense, the theoretical bounds provided by CRLB analysis serve as a valuable benchmark for evaluating the
measurement quality and guiding the development of adaptive filter strategies that dynamically respond to
varying observation conditions throughout the mission trajectory.

In the presence of LoS measurement noise, different triangulation geometries yield position estimates with
varying accuracies. The CRLB technique can quantify these theoretical accuracy limits, providing a perfor-
mance metric that accounts for both measurement uncertainties and geometric configurations including the
angular separation of LoS vectors and the relative distances between observer and observed bodies. In case of
two-body observation, the CRLB asserts that the estimation error covariance of an unbiased estimator cannot
be smaller than the inverse of F' [Bar-Shalom et al., 2001; Crassidis and Junkins, 2011]:
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E Hﬁo . PO} [150 - Po} T] > F! (6)

where 150 and P, are the estimated and real spacecraft positions and the F' matrix is given [Muratoglu et al.,
2025a] as:
1

=Y oy (Toxs = roirdy) 7

where 0; denotes the measurement error standard deviation, Rg; the range between observer and observed
ith body, and 7¢; the unit LoS vector towards the ith body. Then, the theoretical lower error variance limit
on the observer location by the triangulation estimation is computed by [Muratoglu et al., 2025a]:

Y (Py) = %Tr (F1) (8)

In practical applications, the true LoS vectors 7g; are not directly available, instead only the noisy mea-
surements 75y; can be observed. Substituting the measured vectors in place of the true vectors makes the
covariance matrix approximately correct. However, as true values are inherently unavailable in practice, this
approximation becomes inevitable to be made and leads only second-order effects [Shuster, 1990; Cheng et al.,
2006]. Furthermore, since the F' matrix is primarily used for relative performance assessment and filter tuning
rather than absolute accuracy prediction, this practical approximation provides reliable guidance for adaptive
measurement covariance adjustment throughout the mission trajectory.

Extended Kalman Filter

The Extended Kalman Filter (EKF) is used for spacecraft position estimation since it is suitable for orbital
space applications, provided that the system dynamic model and measurements are correctly characterized
[Erke¢ and Hajiyev, 2022]. The EKF accommodates the nonlinear nature of orbital dynamics, unlike linear
filtering approaches. Even though it considers nonlinearities of orbital dynamics, nonlinearities and uncertainties
in measurements can cause degradation in EKF performance. Thus, the measurement covariance matrix
must be accurately specified to achieve optimal navigation estimation performance. When uncertainties in
measurements are improperly characterized, the filter may either overdepend on noisy measurements or under-
utilize valuable observational information, leading to suboptimal state estimates. This becomes particularly
pronounced in LoS based vision-aided navigation systems where measurement accuracy varies significantly with
changing geometric configurations throughout the trajectory, necessitating adaptive approaches to maintain
consistent estimation performance.

The state vector of the spacecraft is defined as a 6 X 1 dimensional vector containing position and velocity
components in the Earth Centered Inertial (ECI) frame of reference:

x = [2,y,2,4,9,4 (9)

where T, 9, and z represent the spacecraft position coordinates and &, 7, and z denote the corresponding ve-
locity components. The process model describes the trajectory dynamics through the nonlinear state transition
function as:

xp =1 (kal, uk) + Vi (10)

where f (x;_1) denotes the nonlinear dynamics incorporating the gravitational forces (3-body) acting on the
spacecraft, and v _q denotes the process noise accounting for unmodeled dynamics and modeling uncertainties
with covariance matrix QQ which is specified by:

_ A3 O3x3

11
Q 033 Atz 1 (11)

where g is the spectral noise density [Stacey and D'Amico, 2021]. The measurement model describes the
spacecraft state to triangulation-based measurement via LoS observations toward celestial bodies:

i = h(xx) + wg (12)
4
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where h (x}) is nonlinear observation function, and Wy, represents the measurement noise with covariance
matrix Ry, which is adaptively adjusted throughout the trajectory.

To demonstrate the effectiveness of the proposed CRLB-based approach, it is compared against a conventional
distance-based method for Ry, specification. With the distance-based method, one of the best approaches is to
average the error variances of observations to determine the Ry, as the distance to an observed body increases,
small angular measurement errors translate into proportionally larger position uncertainties, following a linear
relationship with range. Accordingly, the measurement noise covariance matrix is formulated by weighting the
individual error variances in observations:

e o=
R, = nz;U?Rgz I3x3 (13)

where n is the number of observed celestial bodies, o; is the error standard deviation in i™® LoS observation,
and Rm denotes the measured range from the spacecraft to the ith body. While this approach accounts for
the degradation of measurement accuracy with increasing noise and distances to celestial bodies, it fails to
capture the complete geometric picture of triangulation performance, particularly the critical impact of angular
separation between LoS vectors on estimation accuracy.

On the other side, the CRLB-based adjustment enables the filter to maintain performance by appropriately
weighting the measurement updates according to the theoretical accuracy limits imposed by both range and
angular observation conditions.

Ry = Xilsxs (14)

where 3 denotes the calculated CRLB value (see Eqn.8) for the spacecraft position at the corresponding
time step with F' as:

1 L.
F = @ <13><3 — 'I"Oi'l"&) (15)

n
=1 "¢ 0z

where T; represents the measured unit LoS vector towards the ith body. This adaptive adjustment enables
the filter to maintain performance by appropriately weighting the measurement updates according to the

theoretical accuracy limits imposed by the observation conditions.

RESULTS AND DISCUSSION

The effectiveness of the proposed adaptive measurement covariance adjustment method was assessed via
numerical simulations conducted along the translunar trajectory described in previous work [Muratoglu et al.,
2025b]. The spacecraft departed from a 400 km circular Earth orbit and traveled to a 100 km lunar orbit over
approximately 3.35 days. The simulations were performed with a time step of At = 30 s, and at each time
step along the trajectory, LoS measurements towards Earth and Moon were obtained and corrupted with noise
following the described error model with a standard deviation of 0 = 0.001 rad. The process noise power
spectral density, g was set to 10~ within process noise covariance matrix Q to present unmodeled dynamics
and modeling uncertainties. The measurement noise covariance matrix R was updated at each step of the
simulation, based on the calculated CRLB value.

To provide statistical validation of performance improvements and verify the consistency of the filter uncertainty
estimates, Monte Carlo simulations of 200 independent runs were performed. Each run utilized identical
trajectory dynamics but incorporated different realizations of measurement noise generated according to the
error model described previously. The initial state estimates for the filter were perturbed from the true initial
conditions to simulate realistic initialization uncertainties, with position estimates obtained by rotating the true
initial position vector through random angles with LoS measurement uncertainty ¢ = 0.001 rad, and velocity
estimates perturbed with half the proportional magnitude 0.50. These perturbations were independently
randomized for each Monte Carlo run. This statistical analysis framework enables the assessment of both the
mean performance and consistency of the proposed adaptive CRLB-based method compared to the adaptive
distance-based approach.

Figure 2 illustrates the evolution of key geometric parameters and the corresponding CRLB-based performance
metric throughout the mission trajectory. The change in ranges from the spacecraft to Earth and Moon
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during the translunar transfer is shown in the upper part. The angular separation between LoS vectors
exhibits challenging phases where they approach collinearity, particularly during the initial departure phase.
The CRLB-based error variance metric captures the effect of both range and angular variations, revealing
that the triangulation measurement accuracy and consequently position estimation accuracy depend on the
interaction between these factors rather than individual range measurements alone.
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Figure 2: Evolution of triangulation geometry and performance metric along the trajectory: ranges
to observed bodies (top), angular separation (middle), and CRLB-based error variance (bottom)

Figure 3 presents the position and velocity estimation errors for a representative single simulation run, compar-
ing the distance-based measurement covariance approach with the adaptive CRLB-based adjustment strategy.
The relative distance-based approach, which adjusts measurement uncertainty parameters according to average
of range-weighted measurement variances, exhibits notable performance degradation during specific trajectory
segments especially between ¢ = 0 and ¢ = 0.5 days where the angles between the LoS vectors approach
to 180°. While this method accounts for changing ranges to the observed bodies, it fails to capture the full
geometric complexity of the triangulation problem. This limitation manifests as error spikes that temporarily
exceed the 30 confidence bounds, indicating that the uncertainty representation of the filter becomes inconsis-
tent with the actual estimation performance. The method's inability to account for overall angular geometry
results in overconfident estimates during low accuracy measurement phases.

In contrast, the adaptive CRLB-based approach demonstrates lower estimation errors with improved error con-
tainment throughout the trajectory. By dynamically adjusting the measurement covariance matrix R according
to the comprehensive geometric performance metric, which considers both relative distances and angular sep-
arations between LoS vectors and provides theoretical error variance border, the filter maintains consistent
estimation accuracy even during geometrically challenging configurations. The most significant improvement
appears when the triangulation geometry approaches near-collinear configurations, where distance-based meth-
ods alone cannot adequately represent the degraded measurement quality. During these phases, the CRLB-
based approach appropriately increases the measurement covariance, preventing the filter from over-relying on
less reliable measurements and maintaining estimation performance.

The velocity estimation results show similar characteristics to the position estimates, with the CRLB-based

adaptive method providing more stable estimates and better uncertainty quantification. The error bounds

accurately reflect the actual error magnitudes throughout the trajectory, with estimation errors remaining within

the predicted 30 boundaries. This indicates that the theoretical CRLB-based analysis effectively captures the
6
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Figure 3: Comparison of EKF position and velocity estimation errors using distance-based ver-
sus CRLB-based adaptive measurement covariance adjustment with corresponding 30 uncertainty
boundaries (single-run)

actual measurement uncertainty variations encountered during the mission, providing more reliable guidance
for filter tuning.

While this single-run simulation result demonstrates the characteristic behavior of both methods, statistical
validation across multiple noise realizations is needed to confirm the consistency of these performance differ-
ences. Figure 4 presents the mean position and velocity estimation errors averaged across all Monte Carlo runs,
along with the corresponding mean 30 uncertainty boundaries for both methods. The mean error results con-
firm the systematic performance advantage of the CRLB-based approach observed in the single-run analysis.
The CRLB-based method maintains smaller mean errors throughout the trajectory, particularly during intervals
where the triangulation geometry approaches ill-conditioned configurations. Similarly, Figure 5 presents the
root-mean-square (RMS) errors for position and velocity computed from all Monte Carlo runs, providing a
measure of the overall estimation accuracy for both methods. Quantitative comparison reveals that the CRLB-
based adaptive method reduces peak position RMS errors by approximately 58.8% and peak velocity RMS
errors by approximately 66.5% relative to the conventional distance-based approach, demonstrating signifi-
cant improvement in estimation accuracy during the most challenging trajectory segments. Beyond these peak
improvements, there are consistent advantages throughout the entire trajectory, achieving an overall position
error reduction of approximately 12.8% and velocity error reduction of approximately 30% when averaged
across the complete trajectory.

These findings validate that incorporating comprehensive geometric performance metrics into filter design
enables more robust navigation solutions for interplanetary missions, where observation geometries continuously
evolve. The adaptive capability becomes particularly valuable during extended mission phases where the
conventional tuning approaches may become inadequate due to dynamic nature of geometric configurations
and their varying impact on measurement reliability. This approach shows potential for extension to multi-body
observation scenarios where the geometric complexity increases even further.
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Figure 4: Mean position and velocity estimation errors from Monte Carlo simulations (200 runs)
comparing distance-based versus CRLB-based adaptive measurement covariance adjustment methods
with corresponding mean 30 uncertainty boundaries
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Figure 5: Root-mean-square (RMS) position and velocity errors (logarithmic scale) from Monte Carlo
simulations (200 runs) comparing the overall estimation accuracy of distance-based and CRLB-based
adaptive measurement covariance adjustment methods
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CONCLUSIONS

This study presented an adaptive measurement error covariance adjustment method for vision-aided spacecraft
navigation that leverages CRLB analysis to dynamically optimize the performance of Kalman filter (EKF). The
proposed approach addresses the fundamental challenge in celestial triangulation where measurement accuracy
varies significantly with geometric configurations including both angular separation of observations and relative
distances to those bodies. The adaptive CRLB-based method demonstrated improved performance compared
to conventional distance-based approaches throughout translunar trajectory simulations, validated through
Monte Carlo analysis of 200 independent runs. The technique maintained consistent estimation accuracy
during geometrically challenging phases, particularly when LoS vectors approached collinear configurations
where traditional methods experienced significant performance degradation due to excessive degradation in
measurement accuracy. Position and velocity estimation errors were effectively contained within theoretical 3o
boundaries, validating the CRLB-based performance metric. The dynamic adjustment of measurement covari-
ance matrices based on comprehensive geometric performance metrics enabled more robust state estimation
throughout the mission profile. By establishing optimal equilibrium between mathematical orbital models and
measurement updates, this method enhances navigation reliability for interplanetary missions that implement
onboard optical navigation.
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