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ABSTRACT

Acoustic fluctuations coupled with unsteady combustion with similar phase lead to thermoacous-
tic instabilities in rocket combustion chambers. If not controlled these oscillations may grow
above critical levels leading to serious vibrations and even failure of the engine. Design and
evaluation of a combustion chamber to this respect require knowledge of its acoustic modal struc-
ture and resonant frequencies. This paper discusses a Helmholtz equation solver for obtaining
such information, with full reflective conditions at the converging-diverging nozzle throat and
without convective effects. The resonant frequencies with flow effects are determined through
time-domain Euler computations of full, open throat configuration with random inlet distur-
bances and a subsequent Fast Fourier Transform process applied to collected unsteady pressure
data. An example application is made to a generic geometry. Despite the differences in the
nozzle throat treatment, both solution approaches were expected to produce similar frequencies
for the resolved first few longitudinal modes, as a consequence of strong natural reflections from
the converging part of the nozzle in the Euler simulations. However, such frequency similar-
ity was not obtained. The reason is attributed mainly to the different inlet boundary condition
treatments of the two approaches.

INTRODUCTION

Combustion instability is a serious concern in rocket development [Harrje and Reardon, 1972; Culick
and Yang, 1995; Culick, 1998]. Because of the partially con�ned nature of combustion chamber
volume, it has an inherent acoustic environment to which the heat release mechanisms may couple
such that the rate at which unsteady energy addition by combustion is larger than the rate of damping
through the ow's destruction mechanisms, boundaries, and the nozzle. Coupling occurring this way
leads to combustion instabilities. Energy gain or damping point was put in a simple mathematical
perspective by Rayleigh [1945] as

R =

∫
T

∫
V
p′(~x, t)q′(~x, t) dV dt (1)

where p′ describes the pressure perturbation, and q′ the unsteady heat release. Once the integral
R is positive, thermoacoustic instability will be observed. This is called the Rayleigh criteria [Culick
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and Yang, 1995]. This simple mathematical form may be interpreted as follows. When the phase
di�erence at a point between a pressure perturbation and heat release perturbation is less than that
corresponding to one quarter of their period, that point in the chamber will contribute positively to
the growth of perturbations.

Whether a positive contribution will exist or not depends on many complex, distributed, physical
actions in a combustion chamber. For example, in liquid propellant rocket engine chambers, acoustic
waves inuence the injection of the propellants. Formation of droplets, their mixing and evaporation
may change character under strong oscillations, especially by those high-frequency transverse waves
near the injector surface [Vingert et al., 1995; Popov et al., 2015]. In solid propellant rocket engines
vortices may shed from inhibitors or along the surface of the propellant [French et al., 2017], and
gas generation from the reacting surface of the solid propellant may be quite unsteady [Flandro
and Majdalani, 2003; Saha and Chakraborty, 2017], all due to coupling with the acoustic �eld in
the chamber. Response of individual mechanisms to an oscillation component may result in time
delays which may be within one quarter of oscillation period at the point of heat release, contributing
positively to the unsteadiness of it.

Understanding whether all these will happen in a given design requires detailed knowledge of the
chamber's acoustic �eld [Flandro and Majdalani, 2003; Nicoud et al., 2007; Cengiz and �Ozy�or�uk,
2013; Urbano et al., 2016; Schmitt el al., 2017], and response of the various mechanisms [Popov et
al., 2015; Gruhlke et al., 2016] to it. It is, therefore, the purpose of the present work to develop a
framework to study thermoacoustic instabilities in a combustion chamber. However, prior knowledge
on acoustics character of the chamber is needed as input to the algorithms to study the instability
phenomena. This paper deals with acoustic characterization of a generic chamber. Acoustic analysis is
performed using two di�erent approaches. Acoustic modal structure in the whole combustion chamber
is obtained using a Helmholtz equation solver developed as part of the framework. Helmholtz solutions
are often carried out assuming strong reections occur from the throat area (see, for example, Nicoud
et al. [2007]; Urbano et al. [2016]). This is the assumption made also in this paper when a frequency
domain solution is sought. However, some acoustic energy escapes through the nozzle, which modi�es
the chamber frequencies to some degree. Therefore, resonant frequencies in the full chamber plus
nozzle con�guration with ow are determined by a time-domain approach. These are described below.

METHODOLOGY

Frequency domain analysis

Helmholtz equation: Assuming thermoacoustic instability starts with small perturbations, at the onset
one may write ow state is composed of a mean plus a perturbation :

~q(~x, t) = ~q0(~x) + ~q′(~x, t) (2)

where subscript 0 signi�es a mean, and prime sign signi�es perturbation. Also, viscous e�ects are neg-
ligible. Substituting this decomposition into the mass and momentum conservations, and neglecting
2nd and higher-order terms in uctuations, one obtains the linear mass and momentum equations. By
di�erentiating the former with respect to time and taking the divergence of the latter, and subtracting
the resultant equations from each other, a second-order linear partial di�erential equation governing
the uctuations is obtained. Since a hot environment exists within the chamber and uid velocities
are negligibly small compared to sound speed c0(~x) (Mach number is small), further simpli�cation
leads to

1

c̄20

∂2p′(~x, t)

∂t2
+

(
c0(~x)

c̄0

)2

ρ0(~x)∇ ·
(
∇p′(~x, t)
ρ0(~x)

)
= 0 (3)

where c̄0 is reference sound speed (e.g. volume averaged one), and c0(~x) is the local sound speed.
It is clear the latter sound speed is ~x-dependent. This is in general due to combustion resulting in
non-homogeneous mean temperature and density in the chamber.
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Heat sources may also be included on the right-hand side of this equation. This can be done by
applying the same procedure to the couple of the linear momentum and energy equations. In this
case, the wave equation reads,

1

c̄20

∂2p′(~x, t)

∂t2
+

(
c0(~x)

c̄0

)2

ρ0(~x)∇ ·
(
∇p′(~x, t)
ρ0(~x)

)
= − 1

γ − 1

∂q′(~x, t)

∂t
(4)

where γ is the ratio of speci�c heats, and q′ on the right hand side represents the unsteady heat
addition.

Acoustic pressure may be expanded into sinusoidal components of varying amplitudes and frequencies.
Then, each component must satisfy the above equation with the same boundary conditions. These
points may be taken into account automatically by Fourier transform of the wave equation and the
boundary conditions. Then, the wave equation in frequency domain reads

ω2

c̄20
p̂(~x) +

(
c0(~x)

c̄0

)2

ρ0(~x)∇ ·
(
∇p̂(~x)

ρ0(~x)

)
= − iω

γ − 1
q̂(~x) (5)

where ω is circular frequency, p̂ and q̂ are the Fourier transforms of the pressure and heat perturbations.
This equation is called the Helmholtz equation.

Boundary conditions: Chamber boundaries are assumed rigid, including the throat section. Since the
normal component of particle velocity at such boundaries vanishes, the boundary condition is

(n̂ · ∇p̂)|wall = 0 (6)

Discretization: The homogeneous form of the wave equation is discretized using �nite volume ap-
proach. The physical domain is subdivided into small elements. The elements may consist of a blend
of tetrahedra, pyramid, prism, wedges, and hexahedra.

The evaluation of the terms of the wave equation on the mesh requires gradients at the element faces.
They are obtained by averaging the cell-based gradients of the cells sharing the faces. The cell-based
gradients are computed using the Green-Gauss approach. For a cell indexed by j, it reads :

∇p̂j =
1

Vj

Nf j∑
f

p̂j,f∆ ~Sj,f (7)

where Vj is the j-th cell volume, ∆~Sj,f is the f -th face area vector of cell j. Then, the pressure
gradient on a face is obtained from gradient information from its left and right owners L and R by

∇p̂LR = ∇p̂LR +

[
p̂R − p̂L
|~rLR|

− ∇p̂LR · r̂LR
]
r̂LR (8)

where

∇p̂LR = 1
2

(
∇p̂L +∇p̂R

)
, ~rLR = ~rR − ~rL, r̂LR =

~rLR
|~rLR|

(9)

Hence, applying this type of discretization to all elements we get for the homogeneous Helmholtz
equation,

k2p̂j +
1

V j

(
c0
c̄0

)2

j

ρ0,j

Nfj∑
f

(
∇p̂
ρ0
·∆ ~S

)
j,f

= 0 (10)

or alternatively using matrix-vector operation, the whole system of algebraic equations are written as

[A] {p̂} = −k2{p̂} = λ{p̂}. (11)
3
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Solution: This set of linear equations forms an eigenvalue problem. The eigenvalues of the system,
λ = −k2, which form the resonant frequencies in the chamber, and consequently the eigenfunctions
which form the chamber acoustic modal structures are determined using the freely available ARPACK
Arnoldi algorithm package [Lehoucq, 1998].

Time domain approach

As aforementioned a frequency domain analysis is done assuming full reections from the nozzle throat
as well as no ow exist. However, due to acoustic leakage through the nozzle, which is called nozzle
damping, modi�cations to the modal structure and frequencies should be expected to some degree.
Incorporating these e�ects in the Helmholtz equation solver results in complications. On the other
hand, one may quickly observe the e�ects of the nozzle ow on the frequencies by solving either
linearized Euler equations or full non-linear Euler equations in time domain. This is done by obtaining
a steady ow �rst, and then integrating the time-dependent Euler equations with perturbations at
a broad range of random frequencies to the inlet total pressure and total temperature values of the
chamber. After the initial transients due to switching from steady to unsteady computations are gone,
pressure data at various positions in the chamber are collected. The data are then processed using
Fast Fourier Transform (FFT) which gives the spectral distribution for the chamber sound �eld.

The applied inlet total pressure and temperature distortions are given as follows:

~qin(~x0, t) = ~qin,0(~x0)

[
1 + ε

Nf∑
j=1

cos(2πfjt+ φj)

]
(12)

where ~qin,0(~x0) is the vector of mean total pressure and total temperature at the inlet, ~qin(~x0) is the
instantaneous counterpart, ε is perturbation ratio, taken as 0.05 in this paper, fj and φj are the j-th
random frequency and phase, respectively.

RESULTS AND DISCUSSION

Frequency domain solutions

The Helmholtz solver is tested in this section. The �rst test con�guration is a simple rectangular
volume with dimensions of L = 1 m, and H = 0.25 m with rigid walls. Sound speed in the volume
is 340 m/s. A hybrid mesh with triangular and quadrilateral elements is used for the solution. The
analytical modal solution with unit amplitude and the corresponding resonant frequencies are given
for the volume as

p̂(x, y) = cos

(
mπx

L

)
cos

(
nπy

H

)
, m = 0, 1, 2, ... ; n = 0, 1, 2, ...

fm,n =
c0
2π

√(
mπ

L

)2

+

(
nπ

H

)2
(13)

The mesh and the computed (m,n) = (4, 1) mode are shown in Figure 1. A comparison of the
particular frequencies for several modes with the analytically obtained frequencies is made in Table 1.
It is evident that the Helmholtz solver captured the frequencies of the indicated modes very accurately.

The second case involves a typical combustion chamber modal analysis. The geometry is treated
as axisymmetric, and hence the Helmholtz equation is solved in cylindrical (x, r) coordinates with a
modal decomposition in the azimuthal direction θ given by

p̂(x, r, θ) = p̃(x, r)e−imθ (14)

This way the 2nd-order spatial derivative in the θ direction is transformed into an analytically obtained
source, for a speci�ed azimuthal mode order of m. The chamber is terminated at the nozzle throat
with a hypothetically full reective response. The computed acoustic mode structures for azimuthal
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(a) hybrid mesh

(b) (m,n) = (4, 1) mode

Figure 1: Rectangular closed volume mesh and (4, 1) mode structure.

Table 1: Modal frequencies in rectangular volume with rigid walls.
(m,n) ↓, f → analytic numerical

(1,0) 85.00 85.00

(2,0) 170.00 170.00

(3,0) 255.00 255.00

(1,1) 350.46 350.36

(2,1) 380.13 380.03

(3,1) 425.00 424.89

(4,1) 480.83 480.62

mode orders of m = 0, 1, 2, and 3 are shown in Figure 2. Higher-order modes appear in the chamber
at higher frequencies as expected.

Time domain solutions

Resonant frequencies in a combustion chamber are found by solving the ow equations in a time-
dependent manner with arbitrary forcing of the inlet conditions with small deviations from the mean
states, and a subsequent FFT applied to the collected data. Figure 3 shows the computational mesh
used for the Euler calculations, and the computed mean Mach number distribution. Beginning from
the steady ow with the inlet conditions at a x = x0 constant plane perturbed randomly, unsteady
computations capture the acoustic phenomena in the chamber. FFT applied to the data collected
at a point in the chamber yielded the frequency responses shown in Figure 4. It is evident there are
signi�cantly higher sound pressure levels at some frequencies. A 20 dB higher sound pressure level
(SPL) at a frequency shows one order of magnitude higher pressure perturbation. Hence, very high
SPL levels correspond to the sustained acoustic uctuations in the chamber, and the corresponding
frequencies are the resonant frequencies.

Evaluation of the results

Longitudinal modes (m = 0, plane waves) occur at lower frequencies than transverse (radial) or tan-
gential (m 6= 0) modes. The frequency domain calculations with a closed chamber (i.e. hypothetically
full reective throat section) indicated the �rst longitudinal mode occurs at 1376.6 Hz (Figure 2a),
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(a) m = 0 modes, @1376.6, 2591.1, 3641.2 Hz

(b) m = 1 modes, @2330.3, 2841.3, 3784.7 Hz

(c) m = 2 modes, @3823.0, 4200.3, 4975.3 Hz

(d) m = 3 modes, @5236.3, 5537.7, 6174.0 Hz

Figure 2: Acoustic mode structures in generic combustion chamber.

but in reality the open throat which is chocked at the assumed chamber stagnation conditions causes
somewhat a di�erent boundary condition there. If the Euler computations had been somehow done
with full reective upstream inlet conditions, one could have expected a frequency not very far from
that found by the Helmholtz solver, mainly due to expectation of strong reections from the conver-
gent part of the nozzle. However, the time-domain calculation predicted a frequency which is almost
half (Figure 4a) of that given by the Helmholtz solution. Having the �rst signi�cant peak in the FFT
results of the time-domain solution at 744.6 Hz indicates the simulated inlet boundary condition by
the Euler solver in fact di�ers from a rigid wall condition.

The frequencies of the other acoustic modes dominant in the actual situation (open throat) appear
to be about 2.35 kHz (Figure 4b), 3.2 kHz (Figure 4b), and so on. The higher frequencies pertain to
azimuthal and radial modes.

In order to treat the inlet and throat conditions more accurately in frequency domain, the local
impedance conditions there must be known and implemented in the Helmholtz solver. However, the
usage of a non-rigid boundary condition complicates the eigenvalue problem, which is a subject of
current code development. Time-domain approach has no such a di�culty for the throat section,
but the perturbed inlet conditions must be able to bring the ow and at the same time represent the
actual impedance there.

CONCLUSIONS

A framework for studying rocket engine combustion instabilities is being developed. The algorithms of
this framework require the acoustical modal structures in the chamber a priori. A Helmholtz equation
solver has been developed using �nite volume algorithm. The discretized equations form an eigenvalue
problem which is solved by the ARPACK package for the resonant frequencies. The corresponding
modal structures are also found using the same eigensolver. The resonant frequencies may also be
determined using time-domain analysis approach in which the chamber inlet conditions are deviated
from their mean values by disturbances within a spectrum of random frequencies. The approaches have
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(a) mesh (b) Mach

Figure 3: Steady flow solution for the generic combustion chamber.

been applied to a generic combustion chamber geometry. Despite the di�erences in the nozzle throat
treatment, both solution approaches were expected to produce similar frequencies for the resolved �rst
few longitudinal modes, as a consequence of strong natural reections from the converging part of
the nozzle in the Euler simulations. However, such frequency similarity was not obtained. The reason
is attributed mainly to the di�erent inlet boundary condition treatments of the two approaches.
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(a) 0-2 kHz (b) 2-4 kHz

(c) 4-6 kHz (d) 6-8 kHz
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