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ABSTRACT

In this study, a practical aerodynamic tool, which can calculate and show non-linear aerodynamic
characteristics of three-dimensional wing, is developed to observe flow phenomena at high angles
of attack. In particular, considering the success of the developed mathematical model in predicting
pre- and post-stall aerodynamic behavior, some additions have been made which may be important
in wing design and analysis stages. In this way, it is possible to calculate and visualize data
such as surface pressure and velocity distribution, flow separation points, lift distribution, as
well as aerodynamic performance coefficients of a wing in milliseconds on personal computer.
Specifically, the program provides information on the effectiveness of the control surfaces at high
attack angles by determining the flow separation points of the various wing geometries. The
developed program stands out as a quick and practical tool in the early design stages. Thanks
to the visualizations, this program will be very advantageous for both engineering education and
R&D projects.

INTRODUCTION

Visualization has great bene�ts in understanding physical events. For this reason, in many scienti�c
�elds, it has been preferred to visualize an event to be investigated in an experimental setting. The
biggest challenge for the test environment is its di�cult and expensive installation and operation.
However, with the rapid development of computers since the 1960s, it has become easier to solve
physical problems at various levels. Especially after the 1990s, with the development of personal
computers and programming languages, it has become possible to solve the mathematical model of
many problems in any environment, convert numerical results into graphics and similar visual tools,
create visualizations and animations by using graphical interfaces of computers.

In aerodynamics education, it can be di�cult for the students to understand the relationship between
two-dimensional and three-dimensional 
ow. In addition, in some design studies, the behavior and

ow characteristics of the wing in high angles of attack, especially in the stall region, is a matter of
curiosity. It is possible to calculate the performance coe�cients and visualize the 
ow characteristics

∗Res. Assist. in Aeronautical Engineering Department, Email: karalih@itu.edu.tr
†Prof. in Aeronautical Engineering Department, Email: yukselen@itu.edu.tr



AIAC-2019-147 Karali and Yukselen

of the wing in these regions by using computational 
uid dynamics programs such as Fluent and
OpenFOAM. However, these tools are not practical in terms of the computational power and time
requirement [Cummings et al., 2015]. Low-order potential methods can partially meet these needs in
the linear zone [Katz and Plotkin, 2001]. Programs such as XFLR5, Tornado VLM and OpenVSP,
developed by various institutions or individuals, stand out as a fast, practical and inexpensive tool with
the potential methods they use (Figure 1). However, these type programs can usually only perform
linear region calculations. Y�ukselen has developed various codes to simulate aerodynamics problems
for use in aerodynamic education, and presented some of them in academic publishings [Yukselen,
2012, 2014 and 2015]. In an unpublished study, he developed also a simulation code applying lifting
line method to visualize the pressure distribution on a wing and its variation with geometry and angle
of attack. But this code is, again, works at low and moderate angles of attack.

(a) (b)

Figure 1: Wing model examples of computational aerodynamic programs: (a) XFLR5 and (b)
OpenVSP

In this paper, a code is presented to simulate and visualize typical characteristics of a 3D wing (Figure
2) at pre- and post-stall regimes by using our previously developed non-linear lifting line method [Karali
and Yukselen, 2018; Karali, Yukselen and Inalhan, 2019]. We expect that this tool can be useful in
both engineering education and R&D projects.

Figure 2: Wing preview of developed code with pressure contours, lift distribution (green) and
flow seperation (black)

In the following sections �rst an outline of the non-linear lifting line method is given, then some
information about the simulation code is demonstrated, and �nally some applications are presented.

NON-LINEAR LIFTING LINE METHOD

In this method, potential 
ow based Prandtl's Lifting Line theory (also known as Linear Lifting Line
theory) is modi�ed for calculation of non-linear aerodynamic characteristics at high angles of attack
[Karali and Yukselen, 2018]. The basis of the method is a partial-linear approximation to the two-
dimensional lift curve with an iteration process to correct error due to linear approximation. Basic
method gives lift and induced drag coe�cients of a single lifting surface. Spanwise lift distribution,
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e�ective angles of attack and downwash for each station on the wing are also provided. In addition,
viscous drag and pitching moment coe�cients are obtained by using 2D data of wing sections. This
mathematical model was extended for the complete analysis of an unmanned aerial vehicle which has
multiple lifting surfaces [Karali, Yukselen and Inalhan, 2019]. However, in the scope of this study,
only a single wing is considered in the developed tool.

In Prandtl's classical lifting line theory the 
ow around a �nite wing is represented by an in�nite
number of horseshoe vortices in a uniform parallel free 
ow. A detailed information about this model
can be found in any aerodynamics textbook [Anderson, 2010]. In general applications of the model,
spanwise variation of strength of the bound vortex is represented by a sinus Fourier series,

Γ(θ) = 4sV∞

N∑
j=1

Ajsin(jθ) (1)

and the aerodynamic characteristics of the wing are obtained as follows:

CL =πARA1 (2a)

CDi =
C2
L

πAR
(1 + δ); δ =

N∑
j=2

j

(
Aj
A1

)2

(2b)

ε =

N∑
j=2

jAjsin(jθ)

sin(θ)
(2c)

Aj Fourier coe�cients in these equations depend on the wing geometry and angle of attack. The
procedure used to obtain the Fourier coe�cients will not be repeated here; nonetheless, it can be
found in the textbooks [see for example, Anderson, 2010; Katz and Plotkin, 2001].

In non-linear lifting line method, a partial linear approach is used to lift curve. For a spanwise station,
i, of a wing at any incidence, let αki and ckli be the local geometric angle of attack and the local lift
coe�cient, respectively, in the non-linear region of a lift curve (see Figure 3). Assume that the lift
curve slope remains constant for a small increase of ∆α in angle of attack. Let αk+1

i and ck+1
li

be the
new local geometric angle of attack and the local lift coe�cient, respectively. As in Prandtl's classical
approximation, if an equivalent 2D 
ow is considered for this wing section at these two geometric
angles of attack, following equation can be written:

ck+1
li

= ckli + ak∞i

[
∆α−

(
εk+1
i − εki

)]
(3)

Where ak∞i
is 2D lift curve slop of this wing section around the geometric angle of attack αki , ε

k
i

and εk+1
i is downwash angle at αki and αk+1

i respectively. This equation can be written in terms of
circulations as follows:

2Γk+1

V∞ci
=

2Γk

V∞ci
+ ak∞i

[∆α− (εk+1
i − εki )] (4)

By using Eq. (1) in Eq. (4) and applying this equation for properly distributed N sections along
wingspan, following linear equation system is obtained:

N∑
j=1

Dk
ijA

k+1
j =

N∑
j=1

Dk
ijA

k
j + ∆α i = 1, 2, ..., N (5)

where,

Dk
ij =

(
1

µki
+

j

sin(θi)

)
sin(jθi) µki =

8s

ak∞i
ci

(6)
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Figure 3: Partial-linear approach to the lift curve

System of Eq. (12) can be written brie
y in a matrix form

[Dk
ij ]{Ak+1

j } = [Dk
ij ]{Akj }+ {∆α} (7)

and resolved as
{Ak+1

j } = {Akj }+ [Dk
ij ]
−1{∆α} (8)

Thus, if Akj , Fourier coe�cients are known at any geometric angle of attack αki , it is possible to

calculate Ak+1
j coe�cients at αk+1

i . This procedure begins by calculating the coe�cients at zero lift
angle of attack of the wing. At every new angle of attack, aerodynamic properties of the wing such as
e�ective angle of attack,and lift coe�cient, induced drag coe�cient etc. can be calculated by using
new Ak+1

j coe�cients.

Note that, at each new angle of attack, the e�ective angles of attack and 2D lift curve slope,ak∞i
,

and therefore, the Dk
ij coe�cients will change. However, before aerodynamic coe�cient calculation

these Fourier series coe�cients are corrected via two-dimensional data.

Since the lift curve slopes are assumed to be remain constant in Eq. (6), Fourier coe�cients calculated
for the new angle of attack have an error depending on the step size ∆α. However, with the iteration
process, which is shown with red dashed line in Figure 4, this error is reduced to a minimum value.

Figure 4: Iteration process representation on lift curve

The iterative method used in the current non-linear lifting line method is based on the correction of the
spanwise circulation distribution by using wing section's 2D lift coe�cients obtained from experiment
or numerically. This procedure begins with the wing lift coe�cient obtained at the new angle of
attack.
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The iteration steps are as follows:

1- Calculate circulation distribution by using the Fourier coe�cients obtained from partial-linear ap-
proximation

Γoldi = 4sV∞

N∑
j=1

Aj sin jθi (9)

2- Calculate the downwash angles by using the Fourier coe�cients in Eq. (2c) and the e�ective angles
of attack as following:

αei = αi − εi (10)

3- For each section, determine the local lift coe�cient by using the e�ective angles of attack in the
section's 2D data obtained experimentally or numerically

4- Calculate new circulation distribution with the following relationship obtained from Kutta-Joukowski
law for lift and the lift coe�cient de�nition

Γnewi =
1

2
V∞cicli (11)

5- Compare these circulations with the previous one. If the di�erence is smaller than 10-5 exit the
iteration loop, otherwise calculate new circulation values as following

Γi = Γoldi +RF
(

Γnewi − Γoldi

)
(12)

where RF is a relaxation factor and its value is chosen as 0.05 here in the applications

6- Multiplying each side of Eq. (1) with sin kθ and integrating for θ = 0 to π one obtains

Ak =
1

2sV∞π

∫ π

0
Γ(θ) sin kθdθ, k = 0, 1, 2, 3, . . . , N (13)

Calculate new Ak Fourier coe�cients by using the circulation distribution in these integrals. Note that
these integrals can be calculated numerically. In this study the following linear integration formula is
used

Ak =
1

2sV∞π

N∑
j=1

fj−1 − fj
2

∆θ (14)

8- Repeat the steps from 1 to 7 until convergence is obtained.

The non-linear lifting line method gives lift and induced drag coe�cients directly. The viscous drag
and the pitching moment coe�cients can be obtained by using 2D experimental (or numerical) data
of the wing section. For this purpose, �rst the 2D data is interpolated to obtain corresponding values
for the e�ective angles of attack given by the method at each span wise section. Then these values
are integrated numerically along the span.

CDv =
2

S

N∑
i=1

SicDvi
; Si =

ci + ci+1

2
(yi+1 − yi) ; cDvi

=
cDvi

+ cDvi+1

2
(15)

CMy =
2

S

N∑
i=1

Sicicmyi
; ci =

ci + ci+1

2
; cmyi

=
cmyi

+ cmyi+1

2
(16)

Similar to these coe�cients, 
ow separation points and pressure coe�cients also can be calculated
by using two-dimensional data of the wing section. The data in the look-up table is interpolated
according to the e�ective angle of attack at each spanwise station.
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Detailed validation studies have been conducted in previous publications on this method. However,
an exemplary test study is also presented here to demonstrate the capacity of the method.

In this test study, a comparison was made with the experimental results in the literature for a wing
[Ostowari and Naik, 1985], whose geometric parameters and 
ow conditions are given in Table 1.

Table 1: Test Case geometry and flow condition

Airfoil Planform AR Reynolds Number

NACA 4412 Rectangular 9 0.25·106

It can be seen from Figure 5 that the numerical result is almost 1-1 coincident with the experimental
data in both linear and non-linear regions. Non-linear behavior of the experimental lift curve starts
at nearly 10◦ of attack. The maximum lift coe�cient obtained numerically is very close to the
experimental value.

(a) (b) (c)

Figure 5: Comparison with the experimental results: (a) Lift (b) Drag (c) Pitching Moment

As previously mentioned, the methods based on lifting line theory give the induced drag coe�cients
directly. The viscous drag and pitching moment also can be calculated from the two-dimensional data
by a simple approach outlined before. The total drag and pitching moment coe�cients obtained by
this way are presented in Figure 5 (b) and (c) as compared with the experimental data. The numerical
results are generally very close to the experimental data.

These results show that the Non-Linear Lifting Line Method can accurately calculate aerodynamic
performance at both linear and non-linear region up to 5− 10◦ beyond the stall point.

COMPUTER PROGRAM FOR NON-LINEAR AERODYNAMICS

A computer program in Visual Basic language was developed to be used as a part of computer as-
sisted aerodynamics education and R&D projects applying our non-linear lifting line method for the
aerodynamic analysis of 3D wing and OpenGL library for visualizations. By using its interface, it is
possible to generate a wing and analyse/visualize its performance in split-seconds.

The code calculates primarily lift and induced drag coe�cients and downwash angles for spanwise
wing sections by using non-linear lifting line method, as described in previous section. Then, it
calculates viscous drag and pitching moment coe�cients, and chordwise pressure distributions on
each spanwise stations, by using e�ective angles of attack at each spanwise sections with 2D airfoil
data. Two-dimensional data is inserted into the program via tables created by using the results of
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other programs such as XFOIL [Drela, 1989] or CFD codes or data obtained experimentally. At the
same time, spanwise lift distribution at any angle of attack is an output of the program. Furthermore,

ow separation points are also calculated via e�ective angle of attack.

Figure 6: Flow chart of computer program

The main structure of the program is shown schematically in Figure 6. A simple and handy interface
has been developed for this program using Visual Studio 2019 (Figure 7). In the inputs section, the
geometrical data of the wing can be entered and the parameters to be displayed related to the 
ow
can be selected. As a result of the analysis, the wing is drawn in 3D and given in the interface so that
it can be controlled with the mouse. In addition, the aerodynamic performance of the wing is given
as a plot. Outputs section shows aerodynamic coe�cients for chosen angle of attack. The log �le
shows the total calculation time and the number of iterations.

Figure 7: GUI of 3D Wing Non-Linear Aerodynamics program
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Mesh/Solid drawing options make it possible to visualize the wing according to the given inputs. Both
drawing options can be used alone or in combination. Flow separation option combines the calculated
separation points at the spanwise stations. On the upper surface of the wing, the yellow line represents
the separation line which changes with the angle of attack. Similarly, lift distribution is shown with a
green curve on the vertical axis of the wing (Figure 8).

(a) (b)

Figure 8: Flow separation and lift distribution on wings: (a) Tapered (b) Rectangular

In addition, it is possible to plot chordwise velocity distributions of the lower and upper surfaces at
spanwise stations. This graph clearly illustrates the cause of the performance di�erence of the wing
sections along the span and shows the relationship between two- and three-dimensional 
ow (Figure
9).

Figure 9: Chordwise velocity distribution along span

Finally, the pressure drawing option allows to display the pressure contours of upper and lower sur-
face. The transition from low to high pressure is represented by the color change from blue to red,
respectively (Figure 10).

(a) (b)

Figure 10: Pressure contours on tapered wing: (a) α = 0◦ (b) α = 10◦
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APPLICATION OF THE METHOD

In this section, the results of test application of the current mathematical model are presented to
show its applicability, limits, advantages and disadvantages. The aerodynamic database in the liter-
ature [Petrilli et al., 2013], which was created with intense computational 
uid dynamics tool NASA
TetrUSS USM3D to determine the performance of the wings at stall and post-stall angles of attack,
is used for comparison.

A rectangular wing of AR = 12 with NACA 4415 section is used for this application. Speci�cations
for wing and 
ow are given in Table 2.

Table 2: Wing geometry and flow condition

Airfoil Planform AR Reynolds Number Mach Number

NACA 4415 Rectangular 12 3.0·106 0.2

In Figure 11a, orange dashed line and red line represents, respectively, the two- and three-dimensional
data obtained from NASA TetrUSS USM3D tool. Developed method represented with blue dots in
the same �gure. The numerical result is almost 1-1 coincident with the validation data in both linear
and non-linear regions. The maximum lift coe�cient and stall angle of attack obtained numerically are
very close to the validation value. In the Figure 11b, section lift coe�cients, which are calculated and
visualized by developed method, are compared with CFD results. Considering that non-linear behavior
starts at 12◦, the calculated lift distribution at the pre-stall angle of attack (α = 14◦) appears to be
very successful. It is important to note that the method calculates these values at a low number of
stations. This is why the straight lines connecting these points remain rough.

(a) (b)

Figure 11: (a) Wing lift curves obtained from literature and code (b) Lift distribution at pre-stall

Figure 12 gives a direct comparison between the results of current method and NASA USM3D CFD
tool in terms of section lift coe�cient distribution at stall and post-stall. Non-Linear Lifting Line
method predicts the lift distribution with a very small error margin at stall angle of attack, which is
represented with red line. Furthermore, it can calculate general characteristics of lift distribution at
post-stall region correctly. As can be seen from the curve indicated with orange, large 
uctuation
in the lift distribution can be captured by developed method. However, low ones between spanwise
stations are ignored by the program. Nevertheless, the data obtained from a program that calculates
all angles of attack range in the 0.1 second calculation time is quite satisfactory.
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Figure 12: Semi-wing section lift distribution at stall and post-stall region

The 
ow separation lines, which is another feature calculated by the developed method and visualized
on the wing, are compared with the results in the database. For this purpose, the required two-
dimensional 
ow separation input was obtained by using XFOIL. The results are shown in the Figures
13, 14 and 15 which are formed as scaled half-wing. In the graphs, the same color was used for the
angles of attack as in the previous ones.

According to the lift curve in Figure 11a, wing stall begins at 18◦ angle of attack. It is known generally
that for a rectangular planform, �rst the wing's root region stalls. This situation can be observed also
in the results of the numerical analysis and CFD. Similar to the lift distribution, the method was also
able to capture large changes in 
ow separation points at the spanwise stations. The results were
found to be quite successful for a low order method.

Figure 13: Flow separation at pre-stall (α = 14◦)

Figure 14: Flow separation at stall (α = 18◦)

Figure 15: Flow separation at post-stall (α = 22◦)
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CONCLUSIONS AND FUTURE WORK

In aerospace engineering, there is always a need for a fast and reliable tool to determine aerodynamic
performance of lifting surfaces. These tools are especially useful in conceptual and preliminary design
phases of R&D projects. In addition, programs with visualizations have become an indispensable part
of engineering education in the modern era.

Thanks to the developed program, it is possible to calculate and visualize the aerodynamic perfor-
mance and 
ow characteristics of a wing in a wide range angle of attack in sub-seconds. Pressure
and lift distributions, 
ow separation on the wing at pre- and post-stall became visible. Thus, it is
possible to observe the 
ow on the wing and control surfaces. The calculated data were validated
by comparing with the results of NASA TetrUSS USM3D CFD tool. It was found that the method
can accurately calculate the 
ow behavior as well as the aerodynamic performance coe�cients. These
validation studies prove that iteration process not randomly converged to �nd aerodynamic coe�cients
at post-stall region.

It has been shown in previous published studies that the method can calculate aerodynamic per-
formance coe�cients for the wing-tail combination. By simply integrating these into the existing
improved interface, it is possible to make the improvements and visualizations mentioned in this paper
for the wing-tail con�gurations.
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