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ABSTRACT
This work is a discussion about the application of angles only preliminary orbit determination methods
for multi-observers. The methods discussed in this work are the Gauss and Gooding’s methods. The
application of Gauss method is easier, but it needs adjustments for the elevation and the angle between
observations. On the other hand, using Gooding’s method is a bit involved; however, this method works
with various conditions and gives high accuracy results. Revealing these points and making a discus-
sion about the results of these methods are the main targets of this paper. The study presents a nice
perspective for angles only methods for multi-observer case.

INTRODUCTION
As the number of satellites are increased, determining and following them are getting more important.
There are several way to determine the orbit of a satellite or space debris, which are based on optical,
radar and lidar systems. Radar and lidar systems are costlier than optical systems. That makes optical
systems more practicable. Also, any curious person can achieve a basic initial orbit determination with
an optical system on a tight budget. Accuracy of calculations depends on both quality of optical system
and application of initial orbit determination methods. In this paper, main discussion will be about these
methods.
Below discussion is about two angles only methods, which are Gauss and Gooding’s method. Appli-
cation of these methods main references are Curtis H. D. [2013], Gooding R. H. [1993], and Gooding
R. H. [1997]. Gauss method is applied and results are obtained clearly. On the other hand, Gooding’s
method algorithm is written but, it does not work good. So that, there will be a the theoretically discus-
sion part about its solution algorithm.

METHOD
Optic measurements give just two angles data of target. They are form of declination (δ) and right
ascension (α). At least three observations needed to obtain initial orbit of a satellite. State vectors
are findable with only angles data. To obtain them, a few methods can be applicable as Gauss and
Gooding’s methods.

Gauss Method
In this section, there will be a short recall for Gauss method.
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Gauss method of preliminary orbit determination method requires at least three observations with their
times and position vectors of observer. There are some rules for these observations. Basically, Gauss
method tries to determine geocentric position vector of satellite with the help of (1).

~r = ~R+ ~ρ = ~R+ ρρ̂ (1)

Figure 1: Earth and Orbiting Satellite Representation

Firstly, position vector of observer should be calculated for observation site. Actually, calculation of ρ and
ρ̂ is the main part of Gauss method. (2), which comes from figure 1-a, and (1) are guides of solution.
Also, ~r1 and ~r2 can be written in terms of ~r2, ~v2 and Lagrange coefficients with the help of figure 1-b.

~r2 = c1~r1 + c3~r3 (2) ~r1 = f1~r2 + g1~v2 (3) ~r3 = f3~r2 + g3~v2 (4)

Equalization of (1) and (2) writes ρ and ρ̂ in terms of c1 and c3. Then, solving these equations for c1
and c3with the help of (2), (3) and (4) makes a relation between c, f , g and ~r terms. Also Lagrangian
terms are common known elements. In this paper, Gauss method has small time intervals to decrease
complexity of these elements. τ1 = t1 − t2, τ3 = t3 − t2, and τ = τ3 − τ1 are representations of
time intervals. With these small time intervals, ignoring of high order terms in Lagrange coefficients is
meaningful.
After the knowledge of f and g terms, writing c1 and c3 approximately is possible. End of the problem is
getting closer. However, still there are some missing parts in (1). Equalization of (1) and (2) with (3) and
(4) gives a nice chance to isolate ρ2 and make a contact between ρ2 and r2.
Expanding and rearranging all the equations leads to an eight-order polynomial. After solving this equa-
tion results come as slant ranges ρ1, ρ2, and ρ3. Replacing them and other values into (1) and solving
this equation for ~v2 yields

~r2 =
1

f1
~r1 −

g1

f1
~v2 (5) ~v2 =

1

f1g3 − f3g1
(−f3~r1 + f1~r3) (6)

There are some iteration techniques for increasing accuracy of results. They can easily effect results.
However, there will be no discussion about them in this paper.

Gooding’s Method
In this section, there will be a discussion of Gooding’s method with respect to its algorithm, which is
written in Algorithm (1). This algorithm includes its main logic, not a detailed algorithm.
R. H. Gooding published his method about initial orbit determination in 1993. Gooding’s method roots
in estimations of two ranges. Also orbit type, retrograde or prograde, should be estimated. If all of these
estimations are so far away from the correct situation, Gooding’s method cannot converge Henderson,
T. A., Mortari, D. and Davis, J. [2010]. Being applicable for several revolutions case, independent
from observer’s position and observation time makes the method a nice option for preliminary orbit
determination.
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Everything starts with an important estimation of ρ1 and ρ3 at times t1 and t3. ρ̂1 and ρ̂3 have already
known from observation data. Then, calculation of ~r1 and ~r3 with (1) is the key point for the method. Now,
a Lambert solution is the way for computing the estimation of an initial orbit. As a guideline Lancaster,
E. R., Blanchard, R. C. and Devaney, R. A. [1966] and Lancaster, E.R. and Blanchard, R.C. [1969] are
chosen from Gooding R. H. [1990] point of view. However, as stated in Zuehlke D. [2019], any Lambert
solution could be suitable to use, and Curtis H. D. [2013] is used as the Lambert solver of this paper.
On the other hand, after gaining a true algorithm, Gooding’s Lambert solution should be use to increase
accuracy of results.
The Lambert’s problem is a describing process for the velocity determination of an object from its known
position vectors. So that, the Lambert’s problem is important for finding velocity vector from distance
vector. To attain velocity components of an object, Lambert uses known quantities as ~r1, ~r3, t1, t3 and
angles between two points. Equating these relations with a basic geometric logic, gives the key for
velocity vector. However, reorganizing and solving these geometric relations is complicated. There are
several different cases in the geometry and they directly affects results. So, the solution of the Lambert’s
problem contains various cases. Complexity of the cases causes different solution ways. As stated in
Sangra, D. T. and Fantino, E. [2015], there are five main approach for the Lambert’s problem. There
are universal variables, semi-major axis, semi-latus rectum, eccentricity vector, Kustaanheimo-Stiefel
regularized coordinates as a guide. In this paper, a universal variable approach is followed like Gooding,
Lancaster and Curtis.
After having ~v1 from Lambert’s problem, ~v1 and ~r1 give orbital elements with a Keplerian propagator.
Rearranging orbital elements for τ12 = t2 − t1 and using Keplerian propagator again, gives calculated ~r2

and ~v2 as ~r2c and ~v2c. Then, ρ̂2c and ρ2c can be written from (1).
Now on, we can start to find elements of Newton-Raphson process which is written in(7). ρ1 and ρ3 are
represented as x and y. Also essential symbolization explained in (8), (9), and (10).

Figure 2: Gooding’s Method

(
δx
δy

)
= −

(
fx fy
gx gy

)−1(
f
g

)
(7)

δx = −D−1fgy (8) δy = D−1fgx (9) D = fxgy − fygx (10)

Firstly, we should determine our target functions as f and g. f lies on the plane, which is perpendicular
both ρ̂2 and ρ̂2c.Taking cross product of ~ρ2c and ρ̂2 gives us that plane. Then, taking another cross

3
Ankara International Aerospace Conference



AIAC-2019-144 Erturk

product with ρ̂2 gives the direction of that f function. Similarly, taking cross product of ~P and ρ̂2 gives
g function. So, g lies on the plane and is perpendicular to the f . Now, finding their values is possible
with equations (13) and (14). By definition, g comes 0 or so close to 0. So, equations (8), (9) and (10)
are usable directly. If f comes 0 in (13), assumptions are true and process should be stop. However,
it cannot be 0 in the beginning, if your assumptions are not true values. Actually, f may not be exactly
0. As an error 10−6 or 10−10 are acceptable. Lower errors give higher accuracy and more iteration. To
gain computation time, 10−6 accepted as error margin for this paper. Henderson, T. A., Mortari, D. and
Davis, J. [2010] reveals that situation clearly.

~P = (ρ̂2 × ~ρ2c) × ρ̂2 (11) ~N = ρ̂2 × ~ρ2c (12)

f (x, y) =
~P · ~ρ2c∣∣∣∣∣∣~P ∣∣∣∣∣∣ (13) g (x, y) =

~N · ~ρ2c∣∣∣∣∣∣ ~N ∣∣∣∣∣∣ (14)

Figure 3: Upper View for Triangles

Then, first range estimations can be changed to find derivatives. Estimations multiplied by 0.001 as
stated in Gooding R. H. [1997]. That process should be followed for third assumption too, but following
steps will be written for first range assumption.
After that, new range assumption is ρ1n = 1.001ρ1. Then calculate ρ̂2c1n. Now, there is a new unit vector,
and new f and g should be calculated for it.Using equation (11) to (14) is enough. These new f and g
values can be written as fρ1n and gρ1n. Finally, taking derivative of f and g is possible.

fx =
fρ1n−f
ρ1n−ρ1 , gx =

gρ1n−g
ρ1n−ρ1 , fy =

fρ3n−f
ρ3n−ρ3 , gy =

gρ3n−g
ρ3n−ρ3 (15)

Finally, (7) gives rearrangement factor of range assumptions. Then, modified range assumptions come
like (16). Later on all of these steps repeated until f comes in the error margin. Also, there might be
a shooting algorithm of range estimation to reduce time of coincidence or just use a multiple of Earth’s
radius.

ρ1NR = ρ1 + δx, ρ3NR = ρ3 + δy (16)
4
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RESULTS AND DISCUSSION
In this section, Gauss initial orbit determination method’s results for multi-observer case is given. During
application of Gauss process, Curtis H. D. [2013] is strongly followed. Gooding’s method is basically
application of ρ andρ̂ into the Lambert’s problem as assumed ~r1, and ~r3. Then, recalculating of estimated
ρ1, and ρ3 with Newton-Raphson iterations for better results. In the applications MatLab is used for
calculation software and all of the codes are written by the author. Also, detailed results are published
in appendix. Discussion of this section will be through summary of the results.
The code for Gooding’s method can easily be written with the help of algorithm (1). However, constricts
of the iterations is missing. As a result of correction factors, method’s accuracy is lower than expected.
Also, Gooding’s method takes its estimations from Gauss results to be sure that, it increases accuracy.
However, Gauss sometimes have really bad answers and Gooding’s method cannot correct them. So,
Gauss’s error make Gooding’s results inaccurate too. As a nice example of that situation can be seen
with the observations which have equal time separation. We know that, times would always be at
uniform intervals Gooding R. H. [1993]. On the other hand, Gauss method needs less than 60◦ angular
separation between observations Vallado D. A. [2001]. That condition is provided just for same angular
separation observation cases. If the time intervals between observations are equal, angel between
observations might be bigger than 60◦ as a result of geographical change on the observer. So, accuracy
of result dramatically decreases and these bad results turn Gooding’s inputs. Gooding cannot improve
these really bad results and its results comes bad too. Finally, we can observe thar, Gooding should work
better with equal time intervals, but bad inputs which come from Gauss method, decrease Gooding’s
results without any guilty.
At least 3 clear images needed as input data to make initial orbit determination. Any poor quality of these
images can disturb results. So that, angles information obtained from Stellarium, which is a planetarium
software that shows the celestial objects and satellites. Also, to check the results Keplerian elements are
needed. Some other programs could be used for that. However, a TLE propagator is used like Erturk,
M. F., Koprucu, S. U., Tugcular, U., Arda, I., Erkan, Y. B., Sisman, T. C. [2018]. A rearranged version of
that propagator is used as a controller for this paper.
In total, there are 7 observers with 4 different conditions. These conditions are; all observers are the
same, all of them have same longitude or latitude and each latitude and longitude elements are different.
Table 1 gives their coordinates and altitudes. Figure 4 is a visualization of the observations.

Observer-1 Observer-2 Observer-3 Observer-4 Observer-5 Observer-6 Observer-7

Latitude (◦) 39.9455 39.9455 39.9455 41.6337 38.2573 39.7806 36.8241

Longitude (◦) 32.6871 38.3928 26.9814 32.6871 32.6871 41.2265 30.3355

Altitude (km) 0.811 2.185 0.210 0.475 0.985 3.170 2.500

Table 1: Observer’s Locations

Figure 4: Observer Locations on The Map

Observations searched in mainly 2 different groups. They have same time difference or same angular
5
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separation. First group has 15 seconds, 2 minutes or 3 minutes time differences. Second group has 20,
30 or 40 degree separation between each observation. To determine the angle, (17) is used for each
observation. So, the angle between lines is obvious. Lastly, table 2 gives the order of observations with
their observers.

~̂p = cos δ cosαÎ + cos δ sinαĴ + sin δK̂ (17)

One Observer Same Latitude Same Longitude 3 Different Observer
1. Observation OBS-1 OBS-2 OBS-4 OBS-6
2. Observation OBS-1 OBS-1 OBS-1 OBS-1
3. Observation OBS-1 OBS-3 OBS-5 OBS-7

Table 2: Observations with Observers

5 satellites selected to for their different eccentricity or inclination values. These satellites are ISS,
Meteor M2-2, Glonass K-1, Molniya 1-86, Molniya 3-50. Their inclinations and eccentricities are in the
table 3.

ISS Meteor M2-2 Glonass K-1 Molniya 1-86 Molniya 3-50
NORAD 255444 44387 37372 22671 25847
i (◦) 51.6419 98.5713 65.7543 63.0930 62.1353
e 0.0007356 0.0002181 0.0007568 0.4843974 0.7238609

Table 3: Selected Satellites

There are some extraordinary situations for Gauss method. They become noticeable when eccentricity,
inclination or both of them closing to zero. Main comparison points with these conditions should be
respectively argument of latitude (ω + θ), longitude of periapsis (Ω + ω), and true longitude (Ω + ω + θ).
Neglecting this information and comparing them one by one causes wrong judgments. Considering
this situation provides an understanding about in which conditions Gauss method works properly. Also,
there should be maximum 60◦ separation between observations, otherwise accuracy of results will be
low as stated before. Some of the observations with equal time differences break the rule, because of
multi-observer cases. As a natural result of geographical change on the observer, the angle between
observations increases directly. That is another unforgettable criterion.
Gooding’s method is weak for near polar inclinations. The method should be run twice, once assuming
prograde and another assuming retrograde Schaeperkoetter A. V. [2011]. Then, picking the true results
is a right way to have accurate results.
Results searched with three relative error tolerance such as 0.1, 0.01 and 0.001. Detailed results can
be searched in Appendix. In general, one observer case has more accurate results. However, if you
look more close for each satellite or method, having multi observers might be an advantage. Especially,
Gooding’s method has nearly same accuracy for same latitude and same observer cases. Gooding’s
results with the observers, which have same longitude, might be better as others, if inputs of it were nice.
Results basically told us that, Gooding’s method gives more accurate results for most of the cases, but
Gauss method has a little bit more accurate results. That shows, if Gooding’s method applied completely
without Gauss’ bad inputs, it would be perfect.
With the light of table results, having only one observer seems enough to make accurate orbit determi-
nation. However, orbit of satellite may affect that decision. Especially, one observer may not be enough,
while satellite’s inclination increasing. The best thing is considering both orbit and observation details.
So, multi observers are better, when true satellite and true observation technique are selected.

CONCLUSIONS
This study aims to compare angles only methods. For this comparison, both Gauss and Gooding’s
method are chosen and results for 5 different satellites presented. These satellites selected because of
their various inclination and eccentricity values. These results can be extended with different satellites
for a better generalization.
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Gauss method is applied for many years, but just works well with suitable conditions. Results show that
obviously, multi observer case affects accuracy of initial orbit determination. Orbital characteristics and
observation technique, such as having same time or angle separation, directly affect accuracy too.
On the other hand, Gooding’s method is relatively new method. It claims to work with nearly any condi-
tions. Exact method could not applied but, preliminary results support that claim. If the inputs are good
enough, it can work with any observer.
Having a knowledge of satellites, which are orbiting around us, is an important data especially for ground
segment of any mission. Suchlike, the accuracy of this data is another important feature. As discussed
above, this accuracy can be achieved by true methods and true applications.
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APPENDIX
There are some notes about appendixes to make them clear. Firstly, Appendix A is the general algorithm
for Gooding’s method. There are more steps in real application. However, in this work, main purpose is
giving an idea about application of Gooding’s method. Secondly, for the Appendix B and C, given times
are 2. observation’s time. All of listed results valid for OBS-1 location. Also given TLE is the closest one
to the calculation time. Thirdly, the errors in Appendix B and C are compared with respect to 7 orbital
elements. As a result of special orbit cases, which are stated in results and discussion part, sometimes
argument of latitude chosen as a comparison element apart from just ω and θ.
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Appendix A

Algorithm 1 Gooding’s Method Algorithm
1. Define observation values as δ1−2−3, α1−2−3, t1−2−3

2. Specify orbit type “retrograde” or “prograde”
3. Find observer position vectors (~R) with respect to t1−2−3

4. Calculate ρ̂1, ρ̂2 and ρ̂3

5. Find ∆t13 = t3 − t1, t3 > t1

6. Make range assumptions as ρ1 and ρ3

7. Calculate ~r1−3 vectors with ~r = ~R− ρ̂ρ

8. Go to a Lambert Solver.
(a) Inputs: ~r1, ~r3, ∆t13, “retrograde” or “prograde”
(b) Outputs: ~v1, ~v3

9. Use Keplerian function
(a) Find E and M .
(b) Rearrange them for (t1+∆t12).
(c) Find orbital elements for (t1 + ∆t12).
(d) Go to ~r2c and ~v2c from these elements .

10. Find ~P , ~N , f and g.
11.ρ1n = 1.01ρ1 or ρ1n = 1.001ρ1. Find ρ̂2c1n and ~ρ2c1n.
12. Find ~Pρ1n, ~Nρ1n, fρ1n and gρ1n.
13. Calculate gx =

gρ1n−g
ρ1n−ρ1 , fx =

fρ1n−f
ρ1n−ρ1 .

14. Repeat step 12, and 13 for ρ3n = 1.01ρ3 or ρ1n = 1.001ρ1. Find ρ̂2c3n and ~ρ2c3n.
15. Calculate gy =

gρ3n−g
ρ3n−ρ3 , fy =

fρ3n−f
ρ3n−ρ3 .

17. Find determinant of

(
fx fy

gx gy

)
as D = (fxgy − fygx).

18. Find δx = − 1
Dfgy and δy = 1

Dfgx.
19. Calculate new range assumptions ρ1NR = ρ1 + δx and ρ3NR = ρ3 + δy.
20. Repeat the process until f = 0 or close enough to zero.
21. Calculate orbital elements from ~r2True and ~v2True.
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