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ABSTRACT

In this study, the initial orbit of asteroid (99942) Apophis is determined from both Gauss’s
and Laplace’s methods. The differential correction method is applied with use of additional
observations to increase accuracy. The improved orbit is propagated by numerically integrating
the equation of motion with the solar radiation pressure and the third-bodies perturbation. To
obtain the post-deflected orbit, kinetic impactor technique is used as orbit deflection method, and
the Apophis-Earth distance at the time of closest approach (TCA) is calculated with different
deflection conditions in order to find the most effective way.
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INTRODUCTION

The asteroid (99942) Apophis is a highly interested Near Earth Object (NEO) due to its close approach
with Earth in 2029 at a distance near the altitude of geostationary satellites. There have been studies
on Apophis related to orbit de
ection strategies [Izzo et al., 2009; Yeomans et al., 2009].

The orbit de
ection is, to change orbit of a potentially hazardous asteroid such a way that to increase
asteroid-Earth distance at the time of closest approach (TCA). Many researches have been done on
the asteroid de
ection with several aspects such as mission design [Hernandez and Barbee, 2012;
Sarli et al., 2017] and optimum de
ection strategies [Vasile and Colombo, 2008]. In addition to
the theoretical studies, ESA (European Space Agency) and NASA (National Aeronautics and Space
Administration) have been working on a collaborative mission called as AIDA (Asteroid Impact and
De
ection Assessment) which would be the �rst asteroid de
ection mission.

There are several de
ection methods such as kinetic impactor, gravity tractor, laser ablation and
focused solar radiation. According to the current space technologies, most feasible one is the kinetic
impactor technique. This method requires impact of a high velocity spacecraft to an asteroid and
de
ects its orbit based on the principle of momentum transfer.

For the asteroid de
ection missions, orbit determination and propagation are important in terms
of obtaining the post-de
ected orbit and generating the ephemeris. The post-de
ected orbit can
be obtained by propagating the de
ected state of the asteroid, or applying the orbit determination
methods to post-de
ected orbit with use of Earth-based observations. Besides, in order to design
mission trajectory of the spacecraft, it is necessary to know position of the asteroid precisely at a
given time. This can be acquired from the ephemeris data. An ephemeris is generated with the three
main steps which are initial orbit determination, orbit estimation and orbit propagation, respectively.
Initial orbit is determined from the optical observations with use of angles-only orbit determination
methods. However, these methods provide coarse information about the orbit. In order to increase
accuracy, estimation methods are applied by taking into account additional observations. Finally, the
improved orbit is propagated until the requested time.

In this study, the orbit of Apophis is determined and its post-de
ected orbit is investigated under the
kinetic impactor technique with di�erent impact directions and energies at di�erent impact epochs.
In this context, �rstly the initial orbit is determined from both Gauss's and Laplace's methods. The
di�erential correction method is applied with use of additional observations to increase accuracy.
Then, the improved orbit is propagated by numerically integrating the equation of motion with the
solar radiation pressure and the third-bodies perturbation. Finally to obtain the post-de
ected orbit,
kinetic impactor technique is used as orbit de
ection method, and the Apophis-Earth distance at the
TCA is calculated with di�erent de
ection conditions in order to �nd the most e�ective way.

METHODS

Methods used in this work are examined in the four title which are initial orbit determination, orbit
estimation, orbit propagation and orbit de
ection, respectively.

Initial Orbit Determination

In this study, Gauss's and Laplace's angles-only methods are used for the initial orbit determination.
These methods require observation of two angles at three di�erent epochs. Observed angles are right
ascension α and declination δ. Aim of the both methods is to obtain orbital elements at one of the
observation epochs from the angle and time data.
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Figure 1: Geometry of the problem, where B symbolizes the asteroid. (Figure 5.13 in [Curtis, 2013])

Line of sight unit vector of the asteroid is written as

ρ̂i =

cos δi cosαi
cos δi sinαi

sin δi

 , (1)

at three observation epochs by using the observed angles, where i represents the epoch number.

In Figure 1, ~R is the position vector of the Earth with respect to Sun and it is calculated from the solar
ephemeris algorithm 12.2 in [Curtis, 2013]. Then, the position vector of the asteroid with respect to
Sun is written as

~r1 = ~R1 + ρ1ρ̂1, (2a)

~r2 = ~R2 + ρ2ρ̂2, (2b)

~r3 = ~R3 + ρ3ρ̂3, (2c)

at three observation epochs. Here ρ is the range, the distance between Earth and asteroid. Vectors
written in (2) are de�ned in the geocentric equatorial frame. Since the asteroid is orbiting around the
Sun, orbital elements have to be calculated with respect to the heliocentric ecliptic frame. Ecliptic
plane makes an angle with equatorial plane, close to 23◦. It is called as obliquity and depends on
time. Transformation between those frames is done with use of this angle. Section 2.6 in [Boulet,
1991] is followed for the implementation of the transformation. ~R and ρ̂ are the known quantites in
(2) and in order to �nd ~r, therefore ρ, Gauss's and Laplace's methods are used.

Gauss's Method: Gauss's method assumes that orbit of the asteroid is de�ned under the two-body
assumption, in other words all the three vectors in (2) are in the same plane. Based on that, one of
the three vectors in (2) can be written as a linear combination of other two:

~r2 = c1~r1 + c3~r3. (3)

Then, the lagrange coe�cients are used in order to write ~r1 and ~r3 in terms of ~r2 and ~v2

~r1 = f1~r2 + g1~v2, (4a)

~r3 = f3~r2 + g3~v2, (4b)
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where f1, f3, g1 and g3

f1 ≈ 1− 1

2

µsun
r32

τ21 , (5a)

f3 ≈ 1− 1

2

µsun
r32

τ23 , (5b)

g1 ≈ τ1 −
1

6

µsun
r32

τ31 , (5c)

g3 ≈ τ3 −
1

6

µsun
r32

τ33 , (5d)

are the lagrange coe�cients. Here, τ1 = t1 − t2 and τ3 = t3 − t2 where t1, t2 and t3 are the obser-
vation times. Also µsun is the gravitational parameter for the Sun.

So far, the total number of scalar equation is 18. These are nine from (2), three from (3) and six
from (4). On the other hand, the total number of scalar unknown is also 18. These are ~r and ρ
in (2), each ~r corresponds to three scalar unknown and each ρ corresponds to one scalar unknown,
totaly 12, also c1 and c3 in (3), lastly ~v2 and the lagrange coe�cients in (4), here ~v2 corresponds to
three scalar unknown and the lagrange coe�cients correspond to one scalar unknown which is r2. As
a result, number of unknowns are equal to number of equations. This means that Gauss's method
provides a solvable set.

Section 5.10 in [Curtis, 2013] is followed for the discussion of the Gauss's method.

Laplace's Method: Laplace's method uses a di�erent approach to solve the problem. The method
starts by taking the �rst and second time derivatives of one of the vectors in (2):

~̇r = ρ̇ρ̂+ ρ ˙̂ρ+ ~̇R, (6a)

~̈r = ρ̈ρ̂+ 2ρ̇ ˙̂ρ+ ρ ¨̂ρ+ ~̈R. (6b)

From the two-body equation of motion, ~̈r = −µsun
r3
~r where ~r = ~R + ρρ̂. Then, (6b) turns into form

of
−µsun

r3
(~R+ ρρ̂) = ρ̈ρ̂+ 2ρ̇ ˙̂ρ+ ρ ¨̂ρ+ ~̈R, (7)

by rearranging (7), one can reach:

ρ̈ρ̂+ 2ρ̇ ˙̂ρ+ ρ(¨̂ρ+
µsun
r3

ρ̂) = − ~̈R− µsun
r3

~R. (8)

In order to calculate ˙̂ρ and ¨̂ρ, the lagrange interpolating polynomial is used. Firstly, the function of ρ̂

ρ̂(t) =
(t− t2)(t− t3)

(t1 − t2)(t1 − t3)
ρ̂1 +

(t− t1)(t− t3)
(t2 − t1)(t2 − t3)

ρ̂2 +
(t− t1)(t− t2)

(t3 − t1)(t3 − t2)
ρ̂3, (9)

is constructed with time dependently by using the line of sight unit vectors ρ̂1, ρ̂2, ρ̂3. Then, �rst and
second time derivatives of (9) are taken as

˙̂ρ(t) =
2t− t2 − t3

(t1 − t2)(t1 − t3)
ρ̂1 +

2t− t1 − t3
(t2 − t1)(t2 − t3)

ρ̂2 +
2t− t1 − t2

(t3 − t1)(t3 − t2)
ρ̂3, (10a)

¨̂ρ(t) =
2

(t1 − t2)(t1 − t3)
ρ̂1 +

2

(t2 − t1)(t2 − t3)
ρ̂2 +

2

(t3 − t1)(t3 − t2)
ρ̂3, (10b)

where t1, t2 and t3 are the observation times. In addition, ~̈R in (8) can also be calculated with the

same manner, or directly from ~̈R = −µsun
R3

~R.
4
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Finally, (8) is written in the following matrix form:

[
ρ̂ 2 ˙̂ρ ¨̂ρ+ µsun

r3
ρ̂
] ρ̈ρ̇
ρ

 = −
[
~̈R+ µsun

r3
~R

]
. (11)

Here, the unknowns are ρ̈, ρ̇, ρ and r. But also, r =

√
ρ2 + 2ρρ̂ · ~R+R2 from (2). Then, the system

of equation is reduced to 3 unknowns with 3 equations. In order to �nd unknowns, matrix equation
(11) can be solved with use of Cramer's rule.

Section 7.3.1 in [Vallado, 2013] is followed for the discussion of the Laplace's method.

Orbit Estimation

In this study, an iterative method called as di�erential correction is used for the orbit estimation.
Aim is to increase accuracy of the initial orbital elements found from Gauss's and Laplace's methods
with use of additional observations. The idea of the correction is based on to minimize square of the
residuals. The residual means the di�erence in computed and observed data. This di�erence occurs
due to observational errors and mathematical model.

In order to calculate residuals, initial state is propagated to the each additional observation epoch.
Propagation is done by solving the two-body equation of motion analytically and it is actually the
mathematical model of the system. Orbital perturbations are not considered in the estimation part
because duration of the propagation, in other words time intervals between the observations are not
long enough to consider e�ect of perturbations, also another reason is due to the time e�ciency of
the computation. Those propagated states are called as computed data. On the other hand, observed
data are known from the actual observations. Then, the residual matrix b can be written as

b =

[
αobs
δobs

]
−
[
αcom
δcom

]
, (12)

where αobs and δobs are the observed, αcom and δcom are the computed right ascension and declination
angles. Then, the computed angles can be related with the initial state X0 by using the partial
derivative matrix A:

A =
∂observations

∂X0
=

[
∂αcom
∂rI0

∂αcom
∂rJ0

∂αcom
∂rK0

∂αcom
∂vI0

∂αcom
∂vJ0

∂αcom
∂vK0

∂δcom
∂rI0

∂δcom
∂rJ0

∂δcom
∂rK0

∂δcom
∂vI0

∂δcom
∂vJ0

∂δcom
∂vK0

]
. (13)

In order to �nd those partial derivatives, the �nite di�erencing method is used. Initial state is modi�ed
slightly to make a small di�erence with nominal initial state. The mathematical expression of the �nite
di�erencing is given as

∂observations

∂X0

∼=
f(X0 + ∆x)− f(X0)

∆x
, (14)

where ∆x is the di�erence between modi�ed and nominal initial state.

All the observations include noises due to instruments used in the measurement. These noises are
taken into account by constructing the weighting matrix W as

W =

[
1
σ2
α

0

0 1
σ2
δ

]
, (15)

where σα and σδ are the noises in the measurement of right ascension and declination. According
to (15), less noise generates large weighting and it would be understood better by introducing the
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covariance matrix.

The covariance matrix gives information about the uncertainty of the result. It is expressed as:

P = (ATWA)−1. (16)

It is found small for the large weighting and small covariance matrix means that results are reliable.
Actually, this is a consequence of (15) and (16). In order to have a large weighting, noises of the
instrument should be small according to (15) and it is obvious that instrument with small noise would
be more reliable.

Finally, the di�erential correction is calculated from the partial derivative matrix A, weighting matrix
W and residual matrix b:

∆X = (ATWA)−1(ATWb). (17)

The initial state found from Gauss's and Laplace's methods is improved based on (17) at each iteration.

In this study, weighting matrix could not be formed due to lack of noise information belonging to
observations, therefore (16) and (17) turn into form of P = (ATA)−1 and ∆X = (ATA)−1(AT b),
respectively. The unweighted covariance matrix would not provide meaningful information about
the actual uncertainty of the result because it is not scaled according to noises of the observations.
Therefore, covariance matrix is not presented in this work.

Section 10 in [Vallado, 2013] is followed for the discussion of the di�erential correction method.

Orbit Propagation

The initial state obtained from the orbit determination should be propagated for the calculation of
future position of the asteroid. In the orbit estimation part, two-body analytical orbit propagator
is used due to small propagation durations and time e�ciency of the computation. But for the
longer propagation durations, like order of years, orbital perturbations have to be considered. The
essential perturbations that would e�ect motion of the asteroid are the solar radiation pressure and
the third-bodies perturbation. The trajectory of the asteroid is calculated by numerically integrating
the equation of motion

~̈r = −µsun
r3

~r + ~psrp + ~pthird−bodies, (18)

with the solar radiation pressure ~psrp and the third-bodies perturbation ~pthird−bodies. (18) is a second
order ordinary di�erential equation. In order to solve this equation, eighth order Runge-Kutta method
[Cappelari et al., 1976] is used with �xed step size.

Third-Bodies Perturbation: In the keplerian orbit, only Sun-asteroid system is examined. However,
the gravitational �eld of the planets causes deviation from the keplerian orbit. The acceleration due
to those third-bodies is given as

~pthird−bodies =

n∑
i=1

µi

( (
~Ri − ~Rast

)
‖~Ri − ~Rast‖3

−
(
~Ri
)

‖~Ri‖3

)
, (19)

where n is the number of third bodies, µi is the gravitational parameter for the corresponding planet,
also ~Ri and ~Rast are the position vectors of the planet and asteroid relative to Sun, respectively. The
positions of the planets are calculated from the planetary ephemeris algoritm 8.1 in [Curtis, 2013].
Since Apophis has an orbit in the inner belt of the solar system, Mercury, Venus, Earth, Mars, Jupiter
and Moon are considered as third-bodies.

6
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Solar Radiation Pressure: The solar radiation applies a pressure to the surface of the asteroid due to
momentum of the photons. The acceleration caused by this pressure is given as

~psrp =
S

c

CRAs
m

û, (20)

Here, S is the solar 
ux which is a function of distance

S = S0

(
R0

R

)2

, (21)

where S0 is the radiated power intensity of the Sun at a distance of R0, namely radius of the Sun,
and also R is the distance between Sun and asteroid. In (20), û is the unit vector pointing from
the Sun toward the asteroid. Actually, it is in the direction of ~r in Figure 1. Also in (20), As is the
absorbing area and it is calculated based on the cannonball model which assumes that the asteroid
has a spherical shape with radius rast, therefore the absorbing area is πr2ast. Other parameter in
(20) is the re
ectivity CR which ranges between 1 to 2. It is reasonable to choose an intermediate
value because there is not any surface that absorbs (CR = 1) or re
ects (CR = 2) all the incoming
radiation. Therefore, CR = 1.5 is chosen. The last two parameters are the speed of light c and mass
of the asteroid m. It is assumed that asteroid always sees the Sun, so the shadow conditions due to
planets are not considered.

Section 12 in [Curtis, 2013] is followed for the discussion of the orbital perturbations.

Orbit Deflection

In this work, kinetic impactor technique is used as orbit de
ection method. It requires impact of a high
velocity spacecraft to an asteroid and de
ects its orbit based on the principle of momentum transfer.
According to that, the instantaneous velocity change of the asteroid due to impact is given as [Sarli
et al., 2017]

∆~v = ~v∞
mS/C

mS/C +masteroid
, (22)

where ~v∞ is the arrival velocity of the spacecraft relative to asteroid which is ~vs/c − ~vast, also mS/C

and masteroid are the mass of the spacecraft and asteroid, respectively.

In the calculation of the post-de
ected orbit, �rstly the initial state vector obtained from the orbit
determination is propagated to time that impact occurs. This propagated state vector could be shown
as:

~rimpact =
[
rx,impact ry,impact rz,impact

]T
, (23a)

~vimpact =
[
vx,impact vy,impact vz,impact

]T
. (23b)

In order to de�ne direction of the de
ection, NTW frame is used. The unit vectors of the three axes
N̂ , T̂ , Ŵ are written as [Vallado, 2013]

T̂ =
~v

‖~v‖
, Ŵ =

~r × ~v
‖~r × ~v‖

, N̂ = T̂ × Ŵ , (24)

where ~r and ~v are the position and velocity vector of the asteroid in ecliptic frame. It is seen that
T̂ is in the velocity direction and Ŵ is in the direction perpendicular to the orbital plane. The N̂ is
not exactly align with the radial direction except for the circular orbits. Since the orbit of Apophis is
not highly elliptical (e = 0.19), N̂ can be considered as radial direction. Then, the directions of the
de
ection are written in NTW frame as

∆~vNTW,N =
[
∆v 0 0

]T
, (25a)

∆~vNTW,T =
[
0 ∆v 0

]T
, (25b)

∆~vNTW,W =
[
0 0 ∆v

]T
, (25c)

7
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where ∆v is the instantaneous velocity change of the asteroid. In this work, ∆v is not calculated with
details from (22). It is assumed a value on the order of m/s to observe trend of the post-de
ected
orbit clearly. The state vector in (23) is de�ned in the ecliptic frame but the directions of the de
ection
in (25) are de�ned in the NTW frame. Therefore, the transformation is required from NTW frame to
ecliptic frame:

MNTW→Ecliptic =

Nx Ny Nz

Tx Ty Tz
Wx Wy Wz

T . (26)

Then, the directions of the de
ection are written in ecliptic frame as:

∆~vEcliptic = MNTW→Ecliptic∆~vNTW . (27)

Since it is assumed that impact occurs instantaneously, the state vector of the asteroid just after the
de
ection becomes like the following:

~rimpact,new =
[
rx,impact ry,impact rz,impact

]T
, (28a)

~vimpact,new =
[
vx,impact vy,impact vz,impact

]T
+ ∆~vEcliptic. (28b)

Finally, the new state vector in (28) is propagated to TCA and asteroid-Earth distance is calculated.
This process is repeated for the di�erent de
ection times in order to �nd the optimum de
ection.

Figure 2: Overview of the methods used in this work.

RESULTS AND DISCUSSION

In this section, �rstly the initial orbital elements of Apophis calculated from the Gauss's and Laplace's
methods are presented. Afterwards, the improved orbital elements obtained from the di�erential cor-
rection method are shown. Then, the graph of the Apophis-Earth distance during the orbit propagation
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is provided. Finally, the results of the orbit de
ection are given in the plots with di�erent de
ection
conditions. In this work, all the results are obtained in the MATLAB environment.

In the calculation of the initial orbital elements, section 5.10 in [Curtis, 2013] and section 7.3.1 in
[Vallado, 2013] are followed for the Gauss's and Laplace's methods, respectively.

Table 1: Observations used in the initial orbit determination. They are taken from the International
Astronomical Union (IAU) Minor Planet Center [Holman et al., 2019].

Table 2: Orbital elements obtained from the initial orbit determination methods.

Results of the initial orbit determination are given in Table 2 together with the results of NASA JPL
HORIZONS system [Chamberlin and Park, 2019a]. It is clearly seen that Gauss's method gives better
result compared to Laplace's method if the NASA JPL Horizons system is taken as reference. The
most likely reason of it is the lagrange interpolation formula that is used in the Laplace's method. This
is a coarse approximation to �nd time derivatives of the line of sight unit vectors. The Gauss's method
also uses approximation which is series expansion for the lagrange coe�cients and it is valid under
the small time interval. The time intervals between the observations given in Table 1 are relatively
small compared to the orbital period (TApophis ≈ 325 day). As consequence, it is observed that the
lagrange coe�cients give more accurate results compared to the interpolation formula. But still, the

9
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orbital elements obtained from the Gauss's and Laplace's methods are not as accurate as reference
values, so the di�erential correction method is applied.

In the implementation of the di�erential correction method, section 10.4 in [Vallado, 2013] is followed.

Table 3: Observations used in the di�erential correction method. They are taken from the Interna-
tional Astronomical Union (IAU) Minor Planet Center [Holman et al., 2019].

In total, 18 observations are used in the orbit determination with seperated to 3 months. The �rst
three are used in the initial orbit determination and the rests are used in the di�erential correction.

10
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Table 4: Orbital elements obtained after the di�erential correction method.

Results of the di�erential correction are given in Table 4. From the comparison of Table 2 and Table
4, it is observed that orbital elements are improved and almost four signi�cant �gure is matched with
the NASA JPL HORIZONS system after the di�erential correction. In addition, Laplace's method
gave the coarse initial orbital elements compared to Gauss's method but it also converged to the
reference values as much as Gauss after the di�erential correction. It is concluded that the di�erential
correction method is a powerful tool for the orbit improvement.

In the orbit propagation, epoch and orbital elements given in Table 4 are used as initial state. The
orbit is propagated from this initial state until the closest approach at 2029. The duration of the
propagation, in other words time since epoch, is approximately 17 years. This time interval is large
enough to consider e�ect of orbital perturbations. In the numerical integration, di�erent time steps
are considered as shown in Table 5.

Table 5: Apophis-Earth distance at TCA for the di�erent time steps.

Table 6: Apophis-Earth distance at TCA according to NASA [Chamberlin and Park, 2019b], ESA
[ESA, 2019] and IAU [Holman et al., 2019].

11
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It is observed that the Apophis-Earth distance at TCA for the dt = 0.6 day is the minimum and it is
veri�ed with the reference values of NASA and ESA given in Table 6. However, results are diverged
from the reference values for the time steps smaller than dt = 0.3 day and larger than dt = 1.2 day.
The most likely reason is the instability of the numerical integration for the small time steps and the
decrease in accuracy of the numerical integration for the large time steps. In addition to those, the
Apophis-Earth distance during the orbit propagation is plotted in Figure 3. It can be seen that there
are two close approaches before the 2029.
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Figure 3: Graph of the Apophis-Earth distance during the orbit propagation.

The post-de
ected orbit is investigated by calculating the Apophis-Earth distance at TCA for the
di�erent de
ection conditions. The results are given in Figures (4a) and (4b) in terms of radius of
Earth, for ∆v = 0.5 m/s and for ∆v = 1 m/s, with the directions of the de
ection de�ned in
NTW frame. In addition, the Apophis-Sun distance is plotted in Figure (4c) at di�erent de
ection
times. The maximum and minimum points correspond to apogee and perigee, respectively. In all
three �gures, horizontal axis represents the de
ection times, in other words times before the TCA.
In Figures (4a) and (4b), it is seen that each direction has optimum de
ection times which change
periodically. If it is looked at those optimum de
ection times for each direction, the de
ection in
the velocity direction (T) is the most e�ective way except for the case when there is not so much
time before the TCA compared to orbital period (TApophis ≈ 325 day). However, in that case the
de
ection in the direction perpendicular to the orbital plane (W) is reasonable. The de
ection in the
radial direction (N) has not any signi�cant e�ect on the distance compared to other two direction. It
is observed that the optimum de
ection times in the velocity direction happen near the perigee points.
This is because the de
ection in the velocity direction is resulted with the change in semimajor axis
and the maximum change in semimajor axis occurs at perigee where the orbital velocity is highest. For
the de
ection in the velocity direction, it is also observed that the Apophis-Earth distance is increase
when the de
ection times are getting far from the TCA. The reason is that the change in semimajor
axis e�ects the mean motion and therefore mean anomaly. When the time interval is increase, the
Apophis-Earth distance is also increase due to the growing change in mean anomaly. The de
ections
in the other two directions (N and W) are not resulted with the change in semimajor axis, so they have
not such kind of trend. The detailed discussion about the e�ect of impact directions on the orbital
elements can be found in [Vasile and Colombo, 2008]. Lastly, it is obtained that when the velocity
change of the asteroid is doubled, results of the de
ection in the velocity direction scale accordingly.
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Figure 4: The graphes (4a) and (4b) are the results of the orbit de
ection for ∆v = 0.5 m/s and
∆v = 1 m/s, respectively. The graph (4c) is the radius of the orbit at di�erent de
ection times.

CONCLUSIONS

In this study, �rstly the initial orbital elements of Apophis is calculated with use of Gauss's and
Laplace's methods. Then, the di�erential correction method is applied in order to increase accuracy.
Results are compared with NASA JPL HORIZONS system. It is observed that Gauss's method gives
better results compared to Laplace's method in the initial orbit determination, but after the di�erential
correction, both methods converged to the same values and almost four signi�cant �gure accuracy is
obtained. Then, the improved orbit is propagated to TCA by considering the solar radiation pressure
and the third-bodies perturbation. The Apophis-Earth distance at TCA is calculated, and veri�ed with
the reference values of NASA and ESA. Finally, the post-de
ected orbit is investigated by calculating
the Apophis-Earth distance at TCA with di�erent de
ection conditions. It is observed that each
impact direction has optimum de
ection times which change periodically. Also, it is concluded that
if there is not so much time before the TCA compared to orbital period, de
ection in the direction
perpendicular to the orbital plane is reasonable, otherwise de
ection in the velocity direction near the
perigee points is the most e�ective way.
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